MATH 147, SPRING 2021: SOLUTIONS TO PRACTICE PROBLEMS FOR EXAM 3

Practice Problems.

1. Calculate [ [ [ 4?2% dV for B the solid bounded by the paraboloid 2 = 1 —y? — 2? and the plane z = 0.
Solution. If we let D denote the unit disk in the yz-plane, then
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2. Calculate [ [ [ 2%\/a? +y? + 22 dV, for B the solid hemisphere with radius 1 and z > 0.

Solution. Using spherical coordinates,
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3. Let By be the parallelepiped spanned by the vectors 2 — f—i— k, 37 + k, 43 — k and B the parallelepiped
obtained by translating the corner of By at the origin to the point (3,2,1). Calculate [ [ [, 2z —y+3z dV.
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Solution. We first write the transformation G(u,v,w) that takes the unit cube in uvw-space to By. For a
reminder on how to do this, see the lecture of Thursday, April 8. G(u,v,w) = (2u+ 3v, —u+ 4w, u+v —w),
with (u,v,w) € [0,1] x [0,1] x [0,1]. Now to translate By to B, we just add (3,2,1) to the coordinates of
G(u,v,w) to get a the transformation H(u,v,w) = (2u+ 3v + 3, —u + 4w + 2,u + v — w + 1), which takes
the unit cube in uvw-space to B. Taking the Jacobian of H(u,v,w), we get

2 -1 1
Jac(H)=det [3 0 1 | =1
0 4 -1

Thus,
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4. Let C be a curve that starts at the north pole of the sphere of radius R centered at the origin and ends
at the south pole. You can choose any such C. Find a parametrization of C and calculate the line integrals
Joz+y+zdsand [ F-dr, for F =xi+yj+ zk.

Solution. We can take the curve r(t) = (Rsin(t),0, Rcos(t)), 0 < t < 7, though fixing 6 at any angle and
letting ¢ run from 0 to 7 will work. Note r'(t) = (Rcos(t),0, —Rsin(t)), ||[r'(¢)]|| = R.

/:cherz ds:/ (Rsin(t) + 0+ Rcos(t)) R dt
c 0

_ R2 . (_ COS(t) + Sll’l(t)) .
=2R%.

For the line integral of F, F(r(t))-r'(t) = (Rsin(t),0, Rcos(t)) - (Rcos(t),0, —Rsin(t)) = 0, so [, F-r(t) = 0.

5. Let S denote the top half of the sphere of radius R centered at the origin and consider the scalar function

fz,y,2) = /1422 +y% + 22, Calculate [ [ f(x,y,2) dS in two ways :

(i) Intuitively, by just writing down your answer. You must justify this.
(ii) Directly, using a parametrization of S.

Solution. (i) Answer: 2wrR?\/1+ R2. Reason: f(x,y,z) takes the constant value v/1 + R2 on S, so that
Il fs f(x,y,2) dS is just V1 + R? times the surface area of S, which is 27 R?, half of the surface area of the
sphere of radius R.
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(ii) Using the standard spherical parametrization, where || T, x Ty|| = R?sin(¢),

2 %
// l+a2+y2+22dS= / / V1 + R? R%sin(¢)dodd
S
=211 +R2R2/ sin(¢) dé

=271 R*\/1 + R%(— cos(¢))
=2rR*V/1+ R2.

0

6. For the vector field F = 32’2];, use the limit definition of the divergence with decreasing spheres to show
that div F(P) = 6z, for any point P = (g, Yo, 20)-

Solution. Let S, denote the sphere of radius e centered at P. BY definition, w have,

div F(P) = F ndS=Ilim————
e~>0 V01 e—0 VOl

Since S, is just the sphere of radius R centered at the origin, translated to the pomt P, we may parametrize
S, as follows:
G(¢,0) = (esin(¢) cos(#) + xo, esin(¢) sin(f) + yo, € cos(¢) + zo).

Thus, F(G(u,v)) = 3(ecos(¢) + 20)2k. Tt is easy to check that
T, x T, = esin?(¢)(sin(¢) cos(), sin(¢) sin(f), cos(¢)),

so that
F(G(u,v)) - T, x T, = 3(cos(¢) + 20)? - €2 sin(¢) cos().
Therefore,
// F.dS = // -T, xT, dA
2m
= / 3(6 cos(@) + 20)? - €2 sin(¢) cos(¢) d¢ db
2m ™
= 62/ (ecos(p) + 20)? - sin(e) cos(¢) do df
o Jo
= 67’1’62/ (ecos(¢) + 20)? - sin(¢) cos(d) do
0
= 6me? /Tr €2 cos®(¢) sin(p) + 2¢ cos?(¢) sin(d)zg + 22 sin(¢) cos(¢p) de
0
= 67762{—%62 cos’ () ’ - gecoss(gb)zo ’ + 2o sin?(¢) W}
0 0 0
= 6me?{0 + gwezo +0}
= 87T63Z(].
Thus,

. 1 1
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= lim 620 = 62’0,
e—0

as required.



7. Let S be that portion of the plane z +y — 2z =0, with 0 <z < a and 0 <y < b, for a,b > 0 and let
F = zi + 2yj + 3k. Show by direct calculation that the surface integral [ [ g F - dS can change, depending
upon the parametrization of S. Be sure to exhibit explicitly two different parametrizations of S.

Solution. Take the two parametrizations G(u,v) = (u,v,u 4+ v) with 0 < u < a,0 < v < b and H(u,v) =

i j k
(v,u,u + v), with 0 < v < a,0 < wu,<b. In the first case, T, x T, =|1 0 1| = —i—j+k and in the
0 1 1
i j k
second case, T, x T, =0 1 1| =i+ j— k. Integrating F with the first parametrization gives a?b + %,
1 0 1

while integrating with the second parametrization gives —(a?b + %’2)

8. Let S be that portion of the paraboloid z = x? + y? inside the cylinder 22 + y? = 4.

(i) Calculate the surface area of S.
(ii) Calculate the surface integral [ [4 2% +y? dS.

Solution. Take G(u,v) = (u,v,u? + v?), with D : 0 < u? + v? < 4, for the parametrization of S. Then

k
2u| = (—2u, —2v,1),
2v

50 || Ty X Ty|| = V1 + 4u? + 4v2. For the surface area we have:

surface area(S) = // [|T, x Tyl|| dudv
D
= // V14 4u? + 402 dA
D
2m 2
= / / vV 1+ 4r? rdrdf
o Jo
2
:27r/ V14472 rdr
0

T, xT, =

O = .
—_ O .

2

27 N
= E(1+47‘ ) .
= %(17% —1).

For the surface integral, we have that on S, 22 + 3% = u? + v?, thus

//x2—|—y2 dS://(u2+v2)\/4u2+4v2+1dA
s D
2w 2
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2
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0

on (17 .
= u? —u? du, using u-substitution with u = 4r% + 1
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9. Let B be the solid bounded by the closed surface S which is that portion of the cone z = /2?2 + y2, with
1 < z < 2. verify the Divergence Theorem for F = xi + yj + 2%k.

Solution. We first calculate [ [ [ g divF dV. We have div F = 2+2z. To integrate over B, we use cylindrical
coordinates noting that on the cone itself, z = /22 + y2 = r. Thus,

///Bdidev:///BZ—i-2de
:/12/0%/02(2—}—22)rdrd0dz
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If we let S denote the closed surface bounding B, then S has three parts, S, the top, S3, the bottom, and
S3 that portion of the given cone with 1 < z < 2. For S, n =k, thus F-n=22. On S;,2=2,s0 F-n=4

on S7. Thus,
// F-ndS:// 4 dS =4-area(Sy) = 167.
Sl Sl

For Sy, n = —E, soF-n=-22.0n55 2=1,s0F-n=—1onS,. Therefore,

// F.ndsz// —1dS = —1-area(S;) = —.
S S1

To parametrize Sz, we take G(u,v) = (vcos(u),vsin(u),v), with 0 < v < 27 and 1 < v < 2. Thus,
F(G(u,v)) = cos (u)i + sin (u)j + v2k. We then have

)=

i ik ) L
T, x T, = |—vsin(u) wvcos(u) 0=wvcos(u)i+ vsin(u)j+ —vk, the outward normal.
cos(u) sin(u) 1

Thus,

F(G(u,v)) - Ty x Ty = v* cos?(u) + v?sin?(u) — v> = v? — 03,
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Therefore,

// .dS = // ‘T, x T, dA
Sg SS
27
z// v? — 0 du dv
1 Jo
2
:27T/ v =03 dV
1

v3 ot
=2m- {g - Z}%
17
=——m.
6
Adding the three surface integrals we have

1
//F ndS—167r—7T—€77r—%7r,

as required.

10. Let B denote the solid sphere of radius R centered at the origin, and let P = (0,0, R) denote the north
pole. Find the average value of the distance of points (x,y, z) € B to the point P.

Solution. We need to find the average value of the function f(z,vy, z) = /22 + y2 + (2 — R)? over the domain
B. So we first calculate

| [ [varese—re- [ " I/ N om(@) cos@) T (psin(@) (@) T (peos(d) — RP? *sin(6) dp do df

s R
= 27r/ / V% + R2 — 2pRcos(¢)p? sin(¢) dp do
o Jo

R ,m
= 27r/ / V/p? + R2 — 2pRcos(¢)p? sin(p) dé dp.
o Jo

We can use u-substitution on the inner integral, by settlng u = p?> + R? — 2pRcos(¢p). Then upon differ-
entiating, du = 2pRsin(¢) dg¢, so that sin(¢) dp = s=5du. When ¢ = 0, u = (R — p)? and when ¢ = T,
u = (R+ p)?, so continuing, we have

R
/// Vet + 2+ (2 - 2—/ /( o 22— au dp
R+p
—/ / pvu du dp
T 2 5 u*(RJFP)Q
:E/O 3"

dp
2

u=(R—p)?
R
— 3 _ _ 3
=3k, p{(R+p)” = (R—p)°}t dp

2pR

2 R
= % 6R%p? 4+ 2p* dp

{ R2P3+ 5P }p 0

= f7rR4.



Thus,

average distance to (0,0, R) = /// Va2 +y2+ (z — R)?
—_— . — 4
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==

11. Calculate [, F -dr for F = z?yi + y?zj + 2%xk, for C :r(t) = e 'i+ e ?'j + e 'k, with 0 <t < oc.

Solution. We let C} denote the curve given by r(¢) with 0 < ¢t < b and consider lim,_,o be F - dr. If this
limit exists, it will equal [, F - dr.

We have F(r(t)) = e 47 4+ ¢~ 7] + ¢~ "k and r'(t) = —e~'i — 2¢ =2k — 3¢k, so
b
/ F.dr= / (e +e T +e k) - (—e 7t — 2e7 2k — 3¢5k dt
Ch 0

b
= / —e 5t — 279 _ 37100 g4
0

5y 2 oo, 3 10y (L 2 3
(56 +96 +1Oe ) (5+9+10).

It follows that
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12. Find the volume of the solid W, whose boundary is a closed surface, if

- 1 .- .
/ {(:U—l—xy—l—z)i-l—(x—i—Sy—§y2)j+4zkz}~dS:16.
ow

Solution. If we set F = (x + zy + z)ZJr (x+ 3y — %yQ)er 4zk, then we are given [ fs F - dS = 16, where S
is the closed boundary of W. By the Divergence Theorem we have,

16://SF-dS
[ [ [ aver
[ rreauria
[ [sw

= 8 - volume(W).
Thus, volume(W) = 2.



